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Abstract. This article presents the further steps of the
previously done studies taking into consideration the k-th or-
der extensions of a complex manifold. In the previous stud-
ies higher order vertical and complete lifts of structures on
the complex manifold were introduced. Presently, k-th ex-
tended spaces of a product manifold have been set and the
higher order vertical, complete, complete- vertical and hori-
zontal lifts of geometric structures on the product manifold
have been presented.
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1. Introduction
Lifting theory that permits to extend the differentiable structures
has also an important role in differential geometry (see [1, 2, 3, 4, 5]
and there in). In [2], the structure of extended vector bundles has
been obtained, especially the canonical k-th order extended vector
bundle πk of a vector bundle π = (E, π,M). Extensions of a complex
manifold were defined and also higher order vertical, complete and
horizontal lifts of complex functions, vector fields, 1-forms and tensor
fields of type (1,1) and type (0,2) on any complex manifold to its
extension spaces were studied in [3, 4, 5].
The paper is structured as follows. In section 2, we recall ex-
tended complex manifolds and higher order vertical and complete
lifts of differential elements on any complex manifold to its exten-
sion spaces and also extended Kaehlerian manifolds. In section 3,
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using structures obtained in [2, 3, 4, 5] we define the k-th order ex-
tension kN of any product manifold N of dimension 2m + 1. Also
we obtain the higher order vertical, complete, complete-vertical and
horizontal lifts of functions, vector fields and 1-forms on N to kN.
Then we find the higher order vertical and complete lifts of tensor
field of type (1,1) on N to kN .
Throughout the paper, all objects are assumed to be differen-
tiable of class C∞ and the sum is taken over repeated indices. Unless
otherwise stated it will be accepted 0 ≤ r ≤ k, 1 ≤ i ≤ m. Also, v
and c will denote the vertical and complete lifts of geometric struc-
tures either from k−1M to kM or from k−1N to kN. The symbol Crj
called combination is the binomial coefficient
(
r
j
)
.
2. Preliminaries
In this section, we recall k-th order extension of a complex manifold
and higher order vertical and complete lifts of geometric elements on
complex manifold to its extension spaces, and also extended Kaehle-
rian manifolds given in [3, 4].
2.1. Extended Complex Manifolds
Let M be 2m-real dimensional manifold and kM its k-th order ex-
tended manifold. A tensor field Jk on
kM is called an extended almost
complex structure on kM if Jk is endomorphism of the tangent space
Tp(
kM) such that (Jk)
2 = −I at every point p of kM. An extended
manifold kM with extended almost complex structure Jk is called
extended almost complex manifold. If k = 0, J0 is called almost
complex structure and a manifold 0M = M with almost complex
structure J0 is said to be almost complex manifold.
Let (xri, yri) be a real coordinate system on a neighborhood kU
of any point p of kM . In this situation, we respectively define by
{ ∂
∂xri
, ∂
∂yri
} and {dxri, dyri} the natural bases over R of tangent
space Tp(
kM) and cotangent space T ∗p (
kM) of kM. The manifold
kM is called extended complex manifold if there exists an open cov-
ering
{
kU
}
of kM satisfying the following condition:
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There is a local coordinate system (xri, yri) on
each kU such that for each point of kU,
Jk
(
∂
∂xri
)
=
∂
∂yri
, Jk
(
∂
∂yri
)
= − ∂
∂xri
.
If k = 0, then the manifold 0M =M with almost complex struc-
ture J0 is said to be complex manifold. Let z
ri = xri+ i yri, i =
√−1
be an extended complex local coordinate system on a neighborhood
kU of any point p of kM.
Then, one puts:
∂
∂zri
=
1
2
{
∂
∂xri
− i ∂
∂yri
}
,
∂
∂zri
=
1
2
{
∂
∂xri
+ i
∂
∂yri
}
,
dzri = dxri + idyri,
dzri = dxri − idyri.
Note that { ∂
∂zri
, ∂
∂zri
} and {dzri, dzri} are bases of the tangent space
Tp(
kM) and of the cotangent space T ∗p (
kM) of kM , respectively. The
endomorphism Jk is given by
Jk
(
∂
∂zri
)
= i
∂
∂zri
, Jk
(
∂
∂zri
)
= −i ∂
∂zri
.
If J∗k is an endomorphism of the cotangent space T
∗
p (
kM) such that
J∗2k = −I , then it holds
J∗k (dz
ri) = idzri, J∗k (dz
ri) = −idzri.
2.2. Higher Order Lifts of Complex Functions
In this subsection, we give definitions about higher order vertical and
complete lifts of complex functions defined on any complex manifold
M to k-th order extension kM . The vertical lift of a function f
defined onM to kM is the function fv
k
on kM given by the equality:
fv
k
= f ◦ τM ◦ τ2M ◦ ... ◦ τk−1M ,
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where τk−1M :
k M →k−1 M is a canonical projection. The complete
lift of function f to kM is the function f c
k
denoted by
f c
k
= z˙ri
(
∂f c
k−1
∂zri
)v
+ z˙
ri
(
∂f c
k−1
∂zri
)v
.
Using the induction method, the properties about vertical and com-
plete lifts of complex functions have been extended as follows:
i) (f + g)v
r
= fv
r
+ gv
r
, (f.g)v
r
= fv
r
.gv
r
ii) (f + g)c
r
= f c
r
+ gc
r
, (f.g)c
r
=
r∑
j=0
Crjf
cr−jvj .gc
jvr−j ,
iii)
(
∂f
∂z0i
)vr
=
∂f c
r
∂zri
,
(
∂f
∂z0i
)vr
=
∂f c
r
∂zri
,
vi)
(
∂f
∂z0i
)cr
=
∂f c
r
∂z0i
,
(
∂f
∂z0i
)cr
=
∂f c
r
∂z0i
,
where f and g are complex functions, and Crj is the combination.
2.3. Higher Order Lifts of Complex Vector Fields
Here, the definitions and propositions about higher order vertical
and complete lifts of complex vector fields defined on any complex
manifold M to k-th order extension kM are presented. The vertical
lift of X to kM is the complex vector field Xv
k
on kM formulated
as below:
Xv
k
(f c
k
) = (Xf)v
k
.
Now, we give the local expression of the vertical lift of X to kM .
Proposition 2.1. Let M be any complex manifold and kM its k-th
order extension. Consider X = Z0i ∂
∂z0i
+ Z
0i ∂
∂z0i
. Then the vertical
lift of X to kM is
Xv
k
= (Z0i)v
k ∂
∂zki
+ (Z
0i
)v
k ∂
∂zki
.
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The complete lift of X to kM is the complex vector field Xc
k
such that
Xc
k
(f c
k
) = (Xf)c
k
.
The local expression of the complete lift of X to kM is obtained as
follows.
Proposition 2.2. Let M be any complex manifold and kM its k-th
order extension. Let X = Z0i ∂
∂z0i
+ Z
0i ∂
∂z0i
. Then the complete lift
of X to kM is
Xc
k
= Crj(Z
0i)v
k−rcr ∂
∂zri
+Crj(Z
0i
)v
k−rcr ∂
∂zri
.
The extended properties about vertical and complete lifts of complex
vector fields by using the induction method are formulated as follows:
i) (X + Y )v
r
= Xv
r
+ Y v
r
, (X + Y )c
r
= Xc
r
+ Y c
r
,
ii) (fX)v
r
= fv
r
Xv
r
, (fX)c
r
=
r∑
j=0
Crj f
cr−jvjXc
jvr−j ,
iii) Xv
k
(fv
k
) = 0, Xc
k
(f c
k
) = (Xf)c
k
,
Xc
k
(fv
k
) = Xv
k
(f c
k
) = (Xf)v
k
iv)
[
Xv
k
, Y v
k
]
= 0,
[
Xc
k
, Y c
k
]
= [X,Y ]c
k
,[
Xv
k
, Y c
k
]
=
[
Xc
k
, Y v
k
]
= [X,Y ]v
k
v)
ℑ10(M) = Sp
{
∂
∂z0i
,
∂
∂z0i
}
, ℑ10(kM) = Sp
{
∂
∂zri
,
∂
∂zri
}
,
(
∂
∂z0i
)cr
=
∂
∂z0i
,
(
∂
∂z0i
)cr
=
∂
∂z0i
,
(
∂
∂z0i
)vr
=
∂
∂zri
,
(
∂
∂z0i
)vr
=
∂
∂zri
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2.4. Higher Order Lifts of Complex 1-Forms
This subsection covers definitions and propositions about higher or-
der vertical and complete lifts of complex 1-forms defined on any
complex manifold M to k-th order extension kM. The vertical lift of
α to kM is the complex 1-form αv
k
on kM defined by
αv
k
(Xc
k
) = (αX)v
k
.
Now, we state a proposition on the vertical lift of α to kM .
Proposition 2.3. Let M be any complex manifold and kM its k-th
order extension. Set α = α0idz
0i + α0idz
0i. Then the vertical lift of
α to kM is
αv
k
= (α0i)
vkdz0i + (α0i)
vkdz0i.
The complete lift of α to kM is the complex 1-form αc
k
on kM de-
fined by
αc
k
(Xc
k
) = (αX)c
k
.
Now, we state a proposition on the complete lift of α to kM .
Proposition 2.4. Let M be any complex manifold and kM its k-th
order extended complex manifold. Put α = α0idz
0i + α0idz
0i. Then
the complete lift of α to kM is
αc
k
= (α0i)
ck−rvrdzri + (α0i)
ck−rvrdzri.
Using the induction method, the extended properties about vertical
and complete lifts of complex 1-forms are given as follows:
i) (α+ λ)v
r
= αv
r
+ λv
r
, (α+ λ)c
r
= αc
r
+ λc
r
,
ii) (fα)v
r
= fv
r
αv
r
, (fα)c
r
=
r∑
j=0
Crjf
cr−jvjαc
jvr−j ,
iii)
ℑ01(M) = Sp
{
dz0i, dz0i
}
, ℑ01(kM) = Sp
{
dzri, dzri
}
,
(dz0i)c
r
= dzri, (dz0i)c
r
= dzri,
(dz0i)v
r
= dz0i, (dz0i)v
r
= dz0i
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2.5. Higher Order Lifts of Almost Complex Structure
This subsection presents the definitions about higher order vertical
and complete lifts of an almost complex structure defined on any
complex manifold M to the extended complex manifold kM . The
vertical lifts of J0 and J
∗
0 to
kM are respectively the structures Jv
k
0
and J∗v
k
0 on
kM defined by
Jv
k
0 (X
ck) = (J0X)
vk , J∗v
k
0 (α
ck) = (J∗0α)
vk .
The complete lifts of J0 and J
∗
0 to
kM are respectively the structures
Jc
k
0 and J
∗ck
0 on
kM denoted by
Jc
k
0 (X
ck) = (J0X)
ck , J∗c
k
0 (α
ck) = (J∗0α)
ck .
2.6. Higher Order Lifts of Hermitian Metric
This subsection gives the definitions about higher order vertical and
complete lifts of a Hermitian metric on any complex manifold M to
the extension space kM . In order to define higher order vertical and
complete lifts of a Hermitian metric on M , firstly the definition of
higher order vertical and complete lifts of complex tensor fields of
type (0,2) is given. The vertical lift of G to kM is the tensor field of
type (0,2) Gv
k
on kM formulated as
Gv
k
(Xc
k
, Y c
k
) = (G(X,Y ))v
k
.
Denote by g a Hermitian metric and by J0 an almost complex struc-
ture on any complex manifold M. Since g is a tensor field of type
(0,2), we have the equality
gv
k
(Xc
k
, Y c
k
) = (g(X,Y ))v
k
= gv
k
(Jc
k
0 X
ck , Jc
k
0 Y
ck),
for any complex vector fields X,Y on M. Hence the vertical lift of
g to kM is a Hermitian metric gv
k
on kM. The extended complex
manifold kM with Hermitian metric gv
k
is called the vertical lift of
order k of Hermitian manifold (M,J0, g). The complete lift of G to
kM is the tensor field of type (0,2) Gc
k
on kM given by equality
Gc
k
(Xc
k
, Y c
k
) = (G(X,Y ))c
k
.
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Also we find the equality
gc
k
(Xc
k
, Y c
k
) = (g(X,Y ))c
k
= gc
k
(Jc
k
0 X
ck , Jc
k
0 Y
ck),
for any complex vector fields X,Y on M. Hence the complete lift
of g to kM is gc
k
on kM. The extended complex manifold kM with
Hermitian metric gc
k
is called complete lift of order k of Hermitian
manifold.
2.7. Higher Order Lifts of Kaehlerian Form
In this part, the higher order vertical and complete lifts of a Kaehle-
rian form on any complex manifold M to its extension kM are de-
fined. Given a Hermitian manifold (M,J0, g) since the Kaehlerian
form Φ is tensor field of type (0,2), we obtain the equality:
Φv
k
(Xc
k
, Y c
k
) = (Φ(X,Y ))v
k
= gv
k
(Xc
k
, Jc
k
0 Y
ck),
for any complex vector fields X,Y on M. Hence the vertical lift of Φ
to kM is a Kaehlerian form Φv
k
on kM. Also we have equality
Φc
k
(Xc
k
, Y c
k
) = (Φ(X,Y ))c
k
= gc
k
(Xc
k
, Jc
k
0 Y
ck),
for any complex vector fields X,Y on M. Thus the complete lift of Φ
to extended complex manifold kM is a Kaehlerian form Φc
k
on kM.
2.8. Higher Order Lifts of Kaehlerian Metric
Higher order vertical and complete lifts of a Kaehlerian form as-
sociated with any Hermitian manifold M to its extension kM are
introduced in this subsection. Also we give definitions about higher
order vertical and complete lifts of a Kaehlerian metric defined on
M to kM .
One needs to specify in the statement that (M,J0, g) is a Kaehle-
rian manifold, since only in this case dΦ = 0. In fact, some authors
call Kaehlerian form the 2-form Φ associated with any Hermitian
manifold.
Let Φv
k
(resp. Φc
k
) its k-th order vertical lift (resp. complete
lift). Then we have
dΦv
k
= 0, dΦc
k
= 0.
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Since the Kaehlerian form Φv
k
(resp. Φc
k
) on kM is closed, the
Hermitian metric gv
k
(resp. gc
k
) on kM is said to be the vertical lift
(resp. complete lift) of Kaehlerian metric g to kM . The extended
Hermitian manifold kM with Kaehlerian metric gv
k
(resp. gc
k
) is
called the vertical lift (resp. complete lift) of order k of Kaehlerian
manifold.
3. Product Manifolds and Lifted Structures
From this point onwards the definitions and structures given in [1,
2, 3] can be extended as follows.
Definition 3.1. Let 0N = R×0M, 1N = R×1M and 2N = R×2M
be manifolds. Consider a sequence given by
0
N
←−−τ0N 1N←−−τ1N 2N (1)
where τ0N and τ1N are smooth maps. If the kernel of the map τ0N is
equal to the image set of the map τ1N , then the sequence (1) is said
to be a short exact sequence.
Definition 3.2. If N is a manifold, then a sequence of N is a se-
quence S of manifolds and maps determined by sequence
0
N
←−−τ0N 1N←−−τ1N 2N ... (2)
where 0N = N and each short sequence of the sequence (2) is an
exact sequence of N . If S has a last term mN then we say that S
has length m, otherwise we say that it has infinite length or length
∞. Denote by T (τkN ) the differential (tangent functor) of τkN , by
T (kN) the tangent bundle of kN and by τkN the natural projection
of T (kN) to kN .
Definition 3.3. If N is a manifold, a sequence S of length m ≤ ∞
of N yields the following properties:
i) For each integer 1 ≤ k ≤ m there exists on imbedding
k−1I:kN → T (k−1N) with 0I onto such that τk−1N = θkN◦k−1I;
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ii) For each integer 1 ≤ k ≤ m the diagram
T (kN)
T (θk−1N )−→ T (k−1N)
θkN ↓ I ↓
kN
k−1I−→ T (k−1N)
commutes on kI(k+1M) exactly.
In this case S is said to be an extended sequence of length m of
N , and kN = R ×k M is called a k-th order extension of product
manifold N = R×M (or 0N = R×0M) of dimension 2m+1, where
kM is an extended complex manifold.
Let (t, zri, zri) be a coordinate system on a neighborhood
kV of any point p of kN . Therefore, we respectively define
by
{
∂
∂t
, ∂
∂zri
, ∂
∂zri
}
and
{
dt, dzri, dzri
}
the natural bases over coor-
dinate system of tangent space Tp(
kN) and cotangent space T ∗p (
kN)
of kN.
Let f be a function defined on N and (t, z0i, z0i) be coordinates
of N. So, the 1- form defined by
df =
∂f
∂t
dt+
∂f
∂z0i
dz0i +
∂f
∂z0i
dz0i (3)
is the differential of f . Denote by χ(N) the set of vector fields and
by χ∗(N) the set of dual vector fields on N. In this case, elements Z
and ω of χ(N) and χ∗(N) are determined by
Z =
∂
∂t
+ Z0i
∂
∂z0i
+ Z
0i ∂
∂z0i
(4)
and
ω = dt+ ω0idz
0i + ω0idz
0i, (5)
respectively, where Z0i, ω0i, Z
0i
, ω0i ∈ F(M).
3.1. Higher Order Lifts of Functions
In this subsection, extensions of definitions and properties about the
higher order vertical, complete, complete-vertical and horizontal lifts
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of functions on product manifold N of dimension 2m+ 1 to kN are
obtained.
Let k−1N be the (k − 1)-th order extension of N and τk−1N :k
N →k−1 N the natural projection. Consider the linear isomorphism
as follows:
v : ℑ00(k−1N) → ℑ00(kN)
f˜ → v(f˜) = f˜v. (6)
Thus, the vertical lift of function f˜ to kN is the function f˜v =
f˜ ◦ τk−1N .
Let fv
k−1
be vertical lift of a function f on N to k−1N. In (6), if
f˜ = fv
k−1
, then the vertical lift of function f to kN is the function
fv
k
defined by the equality
fv
k
= f ◦ τN ◦ τ2N ◦ ... ◦ τk−1N . (7)
Let f˜ be a function on k−1N and (t, zri, zri), 0 ≤ r ≤ k − 1 be
extended coordinates of k−1N. Therefore, the 1- form defined by the
equality
df˜ =
∂f˜
∂t
dt+
∂f˜
∂zri
dzri +
∂f˜
∂zri
dzri (8)
is a differential of f˜ .
Suppose that let ιk be the linear isomorphism such that
ιk : ℑ01(k−1N)→ ℑ00(kN) (9)
ιk(dt) = t, ιk(dz
ri) = z˙ri, ιk(dz
ri) = z˙
ri
,
where Sp
{
dt, dzri, dzri : 0 ≤ r ≤ k − 1} = ℑ01(k−1N). Taking ac-
count of (8), we say that the complete lift of the function f˜ to kN is
the function f˜ c defined by
f˜ c = ιk(df˜) = t
(
∂f˜
∂t
)v
+ z˙ri
(
∂f˜
∂zri
)v
+ z˙
ri
(
∂f˜
∂zri
)v
. (10)
Let f c
k−1
be complete lift of a function f on N to k−1N. In (10), if
f˜ = f c
k−1
, the complete lift of function f to extended manifold kN
is the function f c
k
defined by equality
f c
k
= t
(
∂f c
k−1
∂t
)v
+ z˙ri
(
∂f c
k−1
∂zri
)v
+ z˙
ri
(
∂f c
k−1
∂zri
)v
. (11)
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Let f c
r
be r -th order complete lift of a function f on N to rN.
Then if it is taken s-th order vertical lift of function f c
r
on rN to
kN, by complete-vertical lift of order (r, s) of f on N to kN we call
the function f c
rvsdetermined by
(f c
r
)v
s
= f c
rvs = f c
r ◦ τrN ◦ ... ◦ τr+s−1N , (12)
where 0 ≤ r, s ≤ k and r + s = k.
There exists commutative property taking into complete-vertical
lift of functions. i.e., it means that complete-vertical lifts of order
(r, s) and complete-vertical lifts of order (s, r) of functions on N to
its extension kN are equal. The horizontal lift of f on N to kN is
the function fH
k
on kN given by
fH
k
= f c
k − γ(∇f ck−1), (γ(∇f ck−1) = ∇γf ck−1), (13)
where∇ is an affine linear connection on k−1N with local components
Γrirj , 1 ≤ i, j ≤ m, ∇f c
k−1
is gradient of f c
k−1
and γ is an operator
given by
γ : ℑrs(k−1N)→ ℑrs−1(kN).
Thus, one has fH
k
= 0, since
∇γf ck−1 =
(
∂f c
k−1
∂t
)v
+ z˙ri
(
∂f c
k−1
∂zri
)v
+ z˙
ri
(
∂f c
k−1
∂zri
)v
,
where dots mean derivation with respect to time. The generic prop-
erties of the higher order vertical, complete and horizontal lifts of
functions on N are
i) (f + g)v
r
= fv
r
+ gv
r
, (f + g)H
k
= 0,
(f + g)c
r
= f c
r
+ gc
r
ii) (f.g)v
r
= fv
r
.gv
r
, (f.g)H
k
= 0,
(f.g)c
r
=
r∑
j=0
Crjf
cr−jvj .gc
jvr−j
iii)
(
∂f
∂z0i
)vr
=
∂f c
r
∂zri
,
(
∂f
∂z0i
)vr
=
∂f c
r
∂zri
,(
∂f
∂t
)vr
=
∂f c
r
∂t
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iv)
(
∂f
∂z0i
)cr
=
∂f c
r
∂z0i
,
(
∂f
∂z0i
)cr
=
∂f c
r
∂z0i
,(
∂f
∂t
)cr
=
∂f c
r
∂t
for all f, g ∈ F( N).
3.2. Higher Order Lifts of Vector Fields
Extensions of definitions and propositions about higher order verti-
cal, complete, complete-vertical and horizontal lifts of vector fields
on product manifold N of dimension 2m + 1 to kN are derived in
this subsection.
Let k−1N be the (k− 1)-th order extension of N. Denote by Z˜ a
vector field on k−1N. Then the vertical lift of the vector field Z˜ to
kN is the vector field Z˜v on kN defined by:
Z˜v(f˜ c) = (Z˜f˜)v. (14)
We denote by f c
k−1
and Zv
k−1
the complete lift of a function f and
the vertical lift of a vector field Z on N to k−1N, respectively. In
(14), if f˜ = f c
k−1
and Z˜ = Zv
k−1
, then the vertical lift of vector field
Z on N to kN is the vector field Zv
k
on kN given by
Zv
k
(f c
k
) = (Zf)v
k
. (15)
Proposition 3.4. Let kN be k-th extension of N. Assume that the
vector field Z defined on N is given by (4). Then vertical lift of order
k of Z to kN is
Zv
k
=
∂
∂t
+ (Z0i)v
k ∂
∂zki
+ (Z
0i
)v
k ∂
∂zki
. (16)
Proof. Considering a coordinate system (t, zri, zri) on a neighbor-
hood kV of any point p of kN, we put Zv
k
= ∂
∂t
+ Zri ∂
∂zri
+ Z
ri ∂
∂zri
. Let f c
k
be k-th order complete lift of function f to kN. Then from
vertical lift properties we can obtain equations
Zv
k
(f c
k
) =
∂f c
k
∂t
+ Zri
∂f c
k
∂zri
+ Z
ri∂f c
k
∂zri
(17)
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and
(Zf)v
k
=
(
∂f
∂t
+ Z0i
∂f
∂z0i
+ Z
0i ∂f
∂z0i
)vk
=
∂f c
k
∂t
+ (Z0i)v
k ∂f c
k
∂zki
+ (Z
0i
)v
k ∂f c
k
∂zki
. (18)
By (15), (17), (18) one obtains
Zri = 0, Z
ri
= 0, Zki = (Z0i)v
k
, Z
ki
= (Z
0i
)v
k
, 0 ≤ r ≤ k−1.
Hence, the proof finishes.
Let k−1N be the (k− 1)-th order extended manifold of N and Z˜
a vector field on k−1N. Then, the complete lift of Z˜ to kN is defined
by:
Z˜c(f˜ c) = (Z˜f˜)c, (19)
for any function f˜ on k−1N. Let f c
k−1
and Zc
k−1
be respectively com-
plete lifts of a function f and a vector field Z defined on N to k−1N.
In (4), if f˜ = f c
k−1
and Z˜ = Zc
k−1
, then the complete lift of vector
field Z on N to extended manifold kN is the vector field Zc
k
on kN
given by
Zc
k
(f c
k
) = (Zf)c
k
. (20)
Similar to the proof of Proposition 3.4, one may prove the following:
Proposition 3.5. Let kN be extension of order k of N. Assume that
the vector field Z on N is given by (4). Then k-th order complete
lift of Z to kN is
Zc
k
=
∂
∂t
+Ckr (Z
0i)v
k−rcr ∂
∂zri
+Ckr (Z
0i
)v
k−rcr ∂
∂zri
. (21)
Let Z be a vector field on manifold N. Then the complete-vertical lift
of order (r, s) of Z to kN is the vector field Zc
rvs ∈ χ(kN) determined
by equality
Zc
rvs(f c
k
) = (Zf)c
rvs , (22)
where 0 ≤ r, s ≤ k and r + s = k.
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Proposition 3.6. Let N be any product manifold of dimension 2m+
1 and kN its k-th order extended manifold. Consider the vector field
Z on N given by (4). Then the complete-vertical lift of order (r, s)
of Z to kN is
Zc
rvs :

 1Crk−1(Z0i)vs+k−lcl−s
Crk−1(Z
0i
)v
s+k−lcl−s

 , 0 ≤ l ≤ k .
Proof. Considering a coordinate system (t, zli, zli) on a neighbor-
hood kV of any point p of kN, we put Zc
rvs = ∂
∂t
+Z li ∂
∂zli
+Z
li ∂
∂zli
.
Let f c
k
be k-th order complete lift of function f to the extended
manifold kN. Then from complete and vertical lift properties we cal-
culate
Zc
rvs(f c
k
) =
∂f c
k
∂t
+ Zhi
∂f c
k
∂zli
+ Z
hi∂f c
k
∂zli
(23)
and
(Zf)c
rvs =
(
∂f
∂t
+ Z0i
∂f
∂z0i
+ Z
0i ∂f
∂z0i
)crvs
(24)
=
∂f c
k
∂t
+Crh(Z
0i)v
s+hcr−h ∂f
ck
∂zk−hi
+Crh(Z
0i
)v
s+hcr−h ∂f
ck
∂zk−hi
.
According to (22), by (23) and (24) and also using l = k − h from
the following equalities
∂f c
k
∂zli
=
∂f c
k
∂zk−hi
and
∂f c
k
∂zli
=
∂f c
k
∂zk−hi
we have
Z li = Crk−1(Z
0i)v
s+k−lcl−s , Z
ri
= Crk−1(Z
0i
)v
s+k−lcl−s , 0 ≤ l ≤ k
Hence, the proof is completed.
There exists commutative property considering complete-vertical
lift of vector fields. i.e., it means that complete-vertical lifts of order
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(r, s) and complete-vertical lifts of order (s, r) of vector fields on N
to its extension kN are equal. The complete-vertical lifts of order
(r, s) of vector fields on a manifold N obey the following property
(fZ)c
rvs = Crk−1f
vs+hcr−hZc
hvk−h , 0 ≤ r, s ≤ k, (r + s = k).
The horizontal lift of a vector field Z on N to kN is the vector field
ZH
k
on kN given by
ZH
k
fv
k
= (Zf)v
k
. (25)
Obviously, we have
ZH
k
=
∂
∂t
+ ZriDri + Z
ri
Dri
such that Dri =
∂
∂zri
− Γrirj ∂∂zr+1i and Dri = ∂∂zri −
Γ
ri
rj
∂
∂zr+1i
, 1 ≤ i, j ≤ m. By an extended frame adapted to a
connection ∇ on kN, we mean the set of local vector fields{
∂
∂t
, Dri, Dri, Vri =
∂
∂zr+1i
, V ri =
∂
∂zr+1i
}
. The higher order vertical,
complete and horizontal lifts of vector fields on N obey the general
properties
i) (Z +W )v
r
= Zv
r
+W v
r
, (Z +W )c
r
= Zc
r
+W c
r
,
(Z +W )H
k
= ZH
k
+WH
k
ii) (fZ)v
r
= fv
r
Zv
r
, (fZ)c
r
=
r∑
j=0
Crjf
cr−jvjZc
jvr−j ,
iii) Zv
k
(fv
k
) = 0, Zc
k
(fv
k
) = Zv
k
(f c
k
) = (Zf)v
k
,
Zc
k
(f c
k
) = (Zf)c
k
, ZH
k
(fv
k
) = (Zf)v
k
iv) χ(V ) = Sp
{
∂
∂t
,
∂
∂z0i
,
∂
∂z0i
}
, χ(kV ) = Sp
{
∂
∂t
,
∂
∂zri
,
∂
∂zri
}
,(
∂
∂z0i
)cr
=
∂
∂z0i
,
(
∂
∂z0i
)cr
=
∂
∂z0i
,
(
∂
∂t
)cr
=
∂
∂t
,(
∂
∂z0i
)vr
=
∂
∂zri
,
(
∂
∂z0i
)vr
=
∂
∂zri
,
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(
∂
∂t
)vr
=
∂
∂t
,
(
∂
∂t
)Hk
=
∂
∂t
,(
∂
∂z0i
)Hk
= Dri,
(
∂
∂z0i
)Hk
= Dri,
for all Z,W ∈ χ(N) and f ∈ F(N).
3.3. Higher Order Lifts of 1-Forms
In this subsection, we introduce definitions and propositions about
higher order vertical, complete, complete-vertical and horizontal lifts
of a 1-form defined on a product manifold N of dimension 2m + 1
to kN .
Let k−1N be (k − 1)-th order extension of N. Given a 1-form by
ω˜ the vertical lift of ω˜ to kN is the 1-form ω˜v on kN defined by:
ω˜v(Z˜c) = (ω˜Z˜)v, (26)
for any vector field Z˜ on k−1N. Denote by Zc
k−1
complete lift of a
vector field Z and by ωv
k−1
vertical lift of a 1-form ω defined on N
to k−1N. In (26), if Z˜ = Zc
k−1
and ω˜ = ωv
k−1
, then the vertical lift
of 1-form ω on N to kN is the 1-form ωv
k
on kN determined by
ωv
k
(Zc
k
) = (ωZ)v
k
. (27)
Proposition 3.7. Let ω be a 1-form on N locally expressed by (5).
Then k-th order vertical lift of ω to kN is given by:
ωv
k
= dt+ (ω0i)
vkdz0i + (ω0i)
vkdz0i. (28)
Proof. Locally, we write ωv
k
= dt + ωridz
ri + ωridz
ri. Let Zc
k
be
complete lift of a vector field Z to the extended manifold kN. Then
from vertical lift properties we get
ωv
k
(Zc
k
) = (dt+ ωridz
ri + ωridz
ri)(Zc
k
) (29)
= 1 + ωriC
k
r (Z
0i)v
k−rcr + ωriC
k
r (Z
0i)v
k−rcr
and
(ωZ)v
k
= (dt+ ω0iZ
0i + ω0iZ
0i
)v
k
(30)
= 1 + (ω0i)
vk(Z0i)v
k
+ (ω0i)
vk(Z
0i
)v
k
.
134 MEHMET TEKKOYUN
By (27), (29), (30) we have
ωri = 0, ωri = 0, ω0i = (ω0i)
vk , ω0i = (ω0i)
vk , 1 ≤ r ≤ k.
Hence, the proof is complete.
Let k−1N be (k−1)-th order extension of N. Given by ω˜ a 1-form
and by Z˜ a vector field defined on k−1N. Then, the complete lift of
1-form ω˜ on k−1N to kN is the 1-form ω˜c on kN defined by
ω˜c(Z˜c) = (ω˜Z˜)c. (31)
By Zc
k−1
and ωc
k−1
, let denote complete lifts of a vector field Z
and a 1-form ω defined on N to k−1N . In (31), if Z˜ = Zc
k−1
and
ω˜ = ωc
k−1
, then the complete lift of 1-form ω on N to kN is the
1-form ωc
k
on kN given by equality
ωc
k
(Zc
k
) = (ωZ)c
k
. (32)
Similar to the proof of Proposition 3.7, one can prove the following:
Proposition 3.8. Let ω be a 1-form on N locally expressed by (5).
Then k-th order complete lift of ω to kN is given by:
ωc
k
= dt+ (ω0i)
ck−rvrdzri + (ω0i)
ck−rvrdzri. (33)
Let Z be a vector field on manifold N. Then the complete-vertical
lift of order (r, s) of ω ∈ χ∗(N) to kN is the 1-form ωcrvs ∈ χ∗(kN)
given by equality
ωc
rvs(Zc
k
) = (ωZ)c
rvs . (34)
Proposition 3.9. Let N be a product manifold of dimension 2m+1
and kN its k-th order extension. Suppose that the 1-form ω ∈ χ∗(N)
is given by (5). Then complete-vertical lift of order (r, s) of ω to
kN is
ωc
rvs :
(
1,
Crl
Ckl
(ω0i)
vs+lcr−l ,
Crl
Ckl
(ω0i)
vs+lcr−l
)
, 0 ≤ l ≤ k.
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Proof. Since ωc
rvs a 1-form on kN , with respect to a coordinate
system (t, zli, zli) one writes ωc
rvs = dt+ωlidz
li+ωlidz
li. Let Zc
k
be
complete lift of order k of vector field Z to kN. Then, from complete
and vertical lift properties we have
ωc
rvs(Zc
k
) = {1 + Crlωli(Z0i)v
k−lcl +Crl ωli(Z
0i
)v
k−lcl} (35)
and
(ωZ)c
rvs = (1 + ω0iZ
0i + ω0iZ
0i
)c
rvs (36)
= 1 + Crh(ω0i)
vs+hcr−h(Z0i)v
k−hch
+Crh(ω0i)
vs+hcr−h(Z
0i
)v
k−hch .
By (34), (35)and (36), using l = h from the following equalities
(Z0i)v
k−lcl = (Z0i)v
k−hch and (Z
0i
)v
k−lcl = (Z
0i
)v
k−hch
we have
ωli =
(
Crl
Ckl
(ω0i)
vs+lcr−l
)
, ωli =
(
Crl
Ckl
(ω0i)
vs+lcr−l
)
, 0 ≤ l ≤ k
Hence, the proof is complete.
There exists the commutative property for complete-vertical lift
of 1-forms. Clearly, it means that complete-vertical lifts of order
(r, s) and complete-vertical lifts of order (s, r) of 1-forms on N to its
extended manifold kN are equal. The property of complete-vertical
lifts of order (r, s) of 1-forms on manifold N is
(fω)c
rvs = Crhf
vs+hcr−hωc
hvk−h , 0 ≤ r, s ≤ k, (r + s = k).
The horizontal lift of a 1-form ω on N to kN is the 1-form ωH
k
on
kN given by
ωH
k
(ZH
k
) = 0, ωH
k
(Zv
k
) = (ωZ)v
k
.
Considering ω = dt+ ω0idz
0i + ω0idz
0i, we obtain
ωH
k
= dt+ ωriη
ri + ωriη
ri,
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where ηri = dzr+1i + Γrirjdz
ri, ηri = dzr+1i + Γ
ri
rjdz
ri, 1 ≤ i, j ≤ m.
An extended coframe adapted to ∇ on kN is the dual coframe{
dt, θri = dzri, θ
αri
= dzri, ηri, ηri
}
. The properties of the higher
order vertical, complete and horizontal lifts of 1-forms on N are
i) (ω + λ)v
r
= ωv
r
+ λv
r
, (ω + λ)c
r
= ωc
r
+ λc
r
,
(ω + λ)H
k
= ωH
k
+ λH
k
ii) (fω)v
r
= fv
r
ωv
r
, (fω)c
r
=
r∑
j=0
Crjf
cr−jvjωc
jvr−j ,
ωH
k
(ZH
k
) = 0, ωH
k
(Zv
k
) = (ωZ)v
k
iii) χ∗(V ) = Sp
{
dt, dz0i, dz0i
}
, χ∗(kV ) = Sp
{
dt, dzri, dzri
}
,
(dz0i)v
r
= dz0i, (dz0i)v
r
= dz0i, (dt)v
r
= dt,
(dz0i)c
r
= dzri, (dz0i)c
r
= dzri, (dt)c
r
= dt
(dt)H
k
= dt, (dz0i)H
k
= η0i, (dz0i)H
k
= η0i,
for all ω, λ ∈ χ∗(N) and f ∈ F(N).
3.4. Higher Order Lifts of Tensor Fields of Type (1,1)
This subsection studies the extended definitions and properties about
higher order lifts of a tensor field of type (1,1) φ defined on N to kN .
Let k−1N be (k−1)-th order extension of N . Denote by φ˜ = φk−1
a tensor field of type (1,1), by ξ˜ a vector field and by η˜ a 1-form
defined on k−1N. Then the vertical lift of a tensor field of type (1,1)
φ˜ to kN is the tensor field φ˜v such that
φ˜v(ξ˜c) = (φ˜ξ˜)v, η˜v(φ˜v) = (η˜φ˜)v. (37)
Now, let Zc
k−1
and φv
k−1
be respectively complete lift of a vector field
Z ∈ χ(N) and vertical lift of a tensor field of type (1,1) φ ∈ ℑ11(N)
to k−1N. In (37), if ξ˜ = ξc
k−1
, η˜ = ηv
k−1
and φ˜ = φv
k−1
, then the
vertical lift of φ to kN is the tensor field φv
k
on kN given by
φv
k
(ξc
k
) = (φξ)v
k
, ηv
k
(φv
k
) = (ηφ)v
k
. (38)
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Similarly, we define higher order complete lift of a tensor field of type
(1,1) φ on N . Denote by φ˜ a tensor field of type (1,1), by ξ˜ a vector
field and by η˜ a 1-form defined on k−1N. Then the complete lift of φ˜
to kN is the structure φ˜c ∈ ℑ11(kN) determined by
φ˜c(ξ˜c) = (φ˜ξ˜)c, η˜c(φ˜c) = (η˜φ˜)c. (39)
Presently, let ξc
k−1
, ηc
k−1
and φc
k−1
be respectively complete lifts of
a vector field ξ ∈ χ(N),a 1-form η ∈ χ(N) and a tensor field of
type (1,1) φ ∈ ℑ11(N) to k−1N. In (39), if ξ˜ = ξc
k−1
, η˜ = ηc
k−1
and
φ˜ = φc
k−1
, then the complete lift of φ ∈ ℑ11(N) to kN is the structure
φc
k
on kN given by
φc
k
(ξc
k
) = (φξ)v
k
, ηc
k
(φc
k
) = (ηφ)c
k
. (40)
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